Conditions for well-posed and unique solvability of a non-homogeneous boundary value problem for a class of fourth order elliptic operator-differential equations with an unbounded operator in boundary conditions are found in this work. Note that these solvability conditions are sufficient, and they are expressed only in terms of the properties of operator coefficients of the boundary value problem. Besides, the estimates for the norms of intermediate derivative operators in a Sobolev-type space are obtained, and their close relationship with the solvability conditions is established.
Introduction
Many applied problems of mathematical physics require the study of spectral problems with a polynomial appearance of a parameter in the boundary conditions [-], while, in corresponding inverse problems, the unknown coefficients appearing in the equation and boundary conditions are found using known spectra [-]. However, some non-classical problems of mathematical physics [] reduce to the problems with an operator in the boundary conditions. Note that the well-posed and unique solvability and Fredholmness of the boundary value problems for second and third order operator-differential equations with operator boundary conditions have been widely studied both on a finite interval and on the half-axis (see, e.g., [-] and the references therein, though far from being complete). The works dedicated to such kind of problems for fourth order operator-differential equations are relatively few. We can only mention [, ] . Here it should be noted that the solvability of the boundary value problems for operator-differential equations of fourth and higher orders in case where the coefficients in the boundary conditions are only complex numbers has been extensively studied in [-] . See the references therein.
In this work, we treat the well-posed and unique solvability of a non-homogeneous boundary value problem for a fourth order elliptic operator-differential equation with un-bounded operator boundary conditions. The solvability of this problem allows using the obtained abstract results in the study of both new classes of boundary value problems for fourth order elliptic partial differential equations and the corresponding spectral problems.
Problem statement
Let H be a separable Hilbert space with scalar product (x, y), x, y ∈ H, and A be a positive definite self-adjoint operator in H (A = A * ≥ cE, c > , E is the identity operator). By H γ (γ ≥ ) we will mean the scale of Hilbert spaces generated by the operator A, i.e.,
Denote by L  (R + ; H) the Hilbert space of all vector-valued functions defined on R + = (, +∞) with the values in H and the finite norm
Following [] , Chapter , we introduce the Hilbert space
equipped with the norm
Hereinafter the derivatives u 
The trace theorem of [], Chapter , implies the correctness of the last definition. Next, denote by σ (·) the spectrum of the operator (·). Consider the following boundary value problem in the space H:
where A = A * ≥ cE, c > , A j , j = , , , , are linear and, in general, unbounded operators, 
and the estimate
then the boundary value problem (.), (.) is said to be regularly solvable, and u(t) is called a regular solution of the boundary value problem (.), (.).
The main purpose of this work is to find the conditions for regular solvability of the boundary value problem (.), (.) under some restrictions on its operator coefficients. To achieve this purpose, we use the estimates for the norms of intermediate derivative operators by the norm of an operator generated by the principal part of the considered equation and the given boundary conditions. This is precisely what distinguishes this paper. Note that the method offered in [, ] and later developed in [] to calculate the exact values of the norms of intermediate derivative operators is not directly applicable in our case. That is why we have to apply another procedure to estimate such norms, based on the classical inequalities of analysis. Being not too complicated and quite original, this procedure allows only upper estimates for the considered norms. But this is good enough for the purposes of this paper.
Main results
We first assume that A j = , j = , , , , and ϕ = ψ =  in the boundary value problem (.), (.). Then we get a simpler boundary value problem
Denote by P  the operator that acts from W  ,K (R + ; H) to L  (R + ; H) as follows:
The following lemma is true.
Proof Note that the general solution of the equation P  u(t) =  belonging to the space W   (R + ; H) has the following form:
where the exponentials e ω  tA , e ω  tA are the (C  ) semigroups generated by ω  A, ω  A, respectively,
Then, by the condition -
Hence from (.) we have ξ  = . Consequently, u  (t) = . The lemma is proved.
The following theorem is true.
Proof By virtue of Lemma ., the problem
For this aim, we first continue the vector function f (t) by zero for t <  and denote the obtained function by F(t). LetF(ξ ) be the Fourier transform of the vector function F(t), i.e.,
where the integral on the right-hand side is understood in the sense of mean convergence in H. Applying direct and inverse Fourier transforms, we easily see that the vector function
satisfies the equation
(R; H). Letυ(ξ ) be the Fourier transform of the vector function υ(t). By the Plancherel theorem, we have
According to the spectral theory of self-adjoint operators, for ξ ∈ R, we have 
where
and η  , η  ∈ H / are subject to be determined from (.). Then we get the following system:
Considering the relation
in the second equation of (.), and taking into account the condition -√  / ∈ σ (B), we uniquely determine
Thus, u(t) belongs to the space W On the other hand, the operator
Therefore, by the Banach inverse operator theorem, there exists the inverse operator P 
The theorem is proved.
In the sequel, we will need the following auxiliary statement.
Lemma .
is true for every u(t) ∈ W  ,K (R + ; H).
Proof Integrating by parts, for u(t) ∈ W  ,K (R + ; H), we obtain
Re
Due to (.), we have
As Re B ≥ , equality (.) implies the validity of inequality (.). The lemma is proved.
Note that Theorem . combined with Lemma . implies that the operator P  , under the condition - 
are continuous (see [] ), the norms of these operators can be estimated through the norm P  u L  (R + ;H) . The need for these estimates arises when one tries to establish solvability conditions for the boundary value problem (.), (.) using only the properties of its operator coefficients. 
Proof We first multiply both sides of equation (.) scalarly by A  u(t) in the space L  (R + ; H) and then integrate by parts. Then, taking into account (.) and the condition Re B ≥ , we have
Applying the Cauchy-Schwarz inequality and then the Young inequality to the left-hand side of (.), we get
). Then we obtain
On the other hand, from (.) we have
Note that the validity of (.) can be also obtained from inequality (.). Besides, inequality (.) implies the validity of the following one:
Now let us estimate the norm A  u L  (R + ;H) . Integrating by parts, taking into account
, and then applying the Cauchy-Schwarz inequality and inequalities (.), (.), we obtain
Consequently,
Finally, we proceed to estimate the norm Au L  (R + ;H) . It was shown in [] that the inequality
is true for u(t) ∈ W   (R + ; H). Considering inequalities (.) and (.) in (.), we have
Now we consider another case of problem (.), (.) with A j = , j = , , , , while ϕ and ψ are equal to zero as before:
Denote by P the operator that acts from W  ,K (R + ; H) to L  (R + ; H) as follows:
Proof Taking into account the conditions of the lemma and inequality (.), for every
Then, by the theorem on intermediate derivatives [] , Chapter , from (.) we obtain
The lemma is proved.
The following theorem on solvability of the boundary value problem (.), (.) is true, stated only in terms of the properties of its operator coefficients. 
Theorem .
Then the boundary value problem (.), (.) has a unique regular solution for every f (t) ∈ L  (R + ; H).
Proof First we rewrite the boundary value problem (.), (.) in the form of operator equation 
In this case, taking into account estimates (.), for every v(t) ∈ L  (R + ; H), we obtain
As α < , the operator E + (P -P  )P 
Remark . In Theorem ., the condition Re B ≥  with B = A / KA -/ allows to omit
Finally, from Theorem . we can obtain the conditions for the regular solvability of the boundary value problem (.), (.). Proof Obviously, in case ϕ = ψ =  the regular solvability of the boundary value problem (.), (.) follows from Theorem ..
In case A j = , j = , , , , and f (t) = , we have the problem
where ϕ ∈ H / , ψ ∈ H / . The solution of problem (.), (.) will be sought in the following form:
and ζ  , ζ  are the unknown vectors to be determined from conditions (.):
in the second equation of system (.) and taking into account the condition -
we uniquely determine The theorem is proved.
Note that the case where the operator Re B is not non-negative requires special consideration.
